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Abstract. The full-potential linearized APW (FLAPW) method is employed to find out effects of
introducing the self-interaction correction (SIC) on the band structure, the Fermi surface geometry,
electron wavefunctions and Compton profiles. Introduction of the SIC lowers and narrows the
d bands. As the results, the theoretical Compton profiles are brought into a better agreement with
the experimental profiles on one hand, and the area of the Fermi surface neck at the L point becomes
too small to explain the dHvA result on the other hand.

1. Introduction

Electron momentum densityρ(p) is a quantity of great importance because it relates directly
to the electron wavefunctions and occupation ink-space. It is experimentally obtainable
via Compton scattering. Synchrotron radiation sources offer revolutionary new opportunities
for exploiting Compton scattering as a tool in investigating electron momentum density in
materials. Within an impulse approximation projections of the momentum density, given in
equation (1) byJ (pz), which is known as the Compton profile, can be deduced from the
measured differential scattering cross-section [1],

J (pz) =
∫ ∫

ρ(p) dpx dpy (1)

where thez-axis is along the x-ray scattering vector. In an independent particle modelρ(p) is
given as

ρ(p) = (2π)−3
occ∑
kn,b

δ(k +Kn − p)
∣∣∣∣ ∫ ψkn,b(r) exp(−ip · r) dr

∣∣∣∣2 (2)

kn = k +Kn (3)

whereψkn,b(r) is a wavefunction of an electron in the statek and bandb, Kn are reciprocal
lattice vectors and the sum runs over all the occupied states. The measurement of the Compton
profile, therefore, gives information about both the occupation ink-space and the electron
wavefunctions.

Every band theoretical calculation of the electron momentum density has been based on
the local density approximation (LDA) [2, 3]. It is well known, however, that when the LDA
is applied to a tightly bound electron system, cancellation of self-Coulomb energy and self-
exchange–correlation energy is not guaranteed and thus a spurious self-interaction is introduced
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[4]. The self-interaction correction (SIC) for the LDA in the density functional methods has
been treated by several authors [4–9]. It has been found that the SIC plays an important role
in determining the energy levels of electrons in a free atom [4]. This implies that the SIC
is also important in calculating the energy bands of insulators and semiconductors because
a considerable amount of charge is localized around the atomic site. In the case of crystals,
compared to the case of free atoms, it is much more difficult to introduce the SIC into the self-
consistent energy-band calculations. However, several ways of including the SIC for solids
have been proposed to mainly discuss band gaps of semiconductors and insulators [5–8]. On
the other hand, no established formula is known to take into account the SIC for the case
of metals. Therefore, besides neglect of the quasi-particle nature of the electron system, the
LDA based band theory has its own limitation to account for experimental Compton profiles
when solids under investigation have filled narrow energy bands like the d bands in Cu. The
treatment of this problem has been discussed by Perdew and Zunger [4]. Having examined the
band structure of the metals near the end of the transition metal series, Norman [9] has found
that the LDA with the SIC gives much better agreements with the experiments as to the relative
positions of the d bands and theE–k dispersion relationship. However, so far the effects of
introducing the SIC on the wavefunctions, the momentum densities and Compton profiles of
metals have not yet been examined.

A comparison between the Compton profile obtained by the experiment and that calculated
by band theory has been thought to display differences between the true quasi-particle nature
of the electron system and the approximated one particle picture of it given by the LDA-based
band theory. In this context, there have been many investigations on the Compton profiles of
various solids [10–20] by both earlier low resolution and recent high resolution experiments
and by various methods of band structure calculations with varying degrees of accuracy. It has
been found in these studies that although the band theory reproduces characteristic features of
the observed profiles very well, in particular the signatures of the Fermi surface, the theoretical
profile is always higher than the experimental profile at low momenta, and the theoretical profile
always bears sharper fine structures than the observed profile. The crystalline anisotropy of
the observed Compton profiles has also been well accounted for by the geometry of the Fermi
surface and the anisotropy in the momentum density given by the band theory. However,
the scale of the anisotropy is always larger in the theory than in the experiment. The most
recent study of Compton profiles of Cu has been carried out by Sakuraiet al [23]. They
have measured the profiles along the〈100〉, 〈110〉 and 〈111〉 directions with a momentum
resolution of 0.12 atomic units (au). In parallel with the measurements they have calculated
the corresponding theoretical profiles in the Korringa–Kohn–Rostoker (KKR) scheme with a
high degree of self-consistency and a great accuracy in evaluation of the momentum density.
Their findings are the same as that summarized above.

The aim of the present study is reexamine to what extent the experimental profile obtained
by Sakuraiet al [23] can be explained by the LDA-based band theory without and with the SIC.
For this purpose the full-potential linearized APW (FLAPW) method with and without the SIC
is employed to solve the band structure problem and to calculate Compton profiles. In section 2
the theoretical calculations are described. In section 3 comparisons between the theory and
the reported experiments on the geometry of the Fermi surface and Compton profiles are made
and discussed. The summary and conclusions are given in the last section.

2. FLAPW calculations with and without the SIC

The FLAPW method is employed to examine the effects of introduction of the SIC to
the exchange–correlation functional of von Barth and Hedin [24] on the band structure,
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wavefunctions and Compton profiles. In the present calculation the SIC potentialV SIC` (r)

is introduced for each angular momentum` in a way similar to the SIC potential for atoms
[8]. That is,V SIC

` (r) = 0 in the interstitial region, and inside the inscribed sphere theV SIC` (r)

is calculated in the same way as in the free atom case except that a non-integer occupation
number at each quantum state is allowed. Then,V SIC` (r) is given as

V SIC` (r) = −W`

{∫
dr′ρ`(r′)|r − r′|−1 + V LDAXC (ρ`(r))

}
(4)

whereV LDA
XC is the exchange–correlation potential given by the LDA,ρ`(r) is the partial charge

density andW` is the partial occupation number given by

W` =
∫ EF

ε0

D`(ε) dε. (5)

Here,D`(ε) is the partial density of states with angular momentum`,EF is the Fermi energy
andε0 is the lowest energy in the valence bands. The partial charge densityρ` is obtained from
the solutions of the following radial Schrödinger equation with the spherical partV LDA(r) of
the potential given by all the charge density and the SIC potentialV SIC` in the inscribed sphere:[
−(2r2)−1 d

dr

(
r2 d

dr

)
+
`(` + 1)

2r2
+ V LDA(r) + V SIC` (r)

]
ϕ`(r) = E`ϕ`(r) (6)

ρ`(r) = (4π)−1|ϕ`(r)|2 (7)

E` = 1

W`

∫
occ

εD`(ε) dε. (8)

The above procedure is incorporated into the whole self-consistent scheme of the FLAPW
calculations, andE` andW` are determined self-consistently. Figure 1 shows the finalV LDA(r)

andV SIC
` (r).

Figure 1. The potential in copper (Ryd). (a) The spherical partV LDA of the potential determined
by the FLAPW calculation without the SIC. (b) The partial componentV SIC` of the SIC potential
for the angular momentum̀. The dotted, broken and full lines denote` = 0, ` = 1 and` = 2,
respectively
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In both the FLAPW scheme and the FLAPW–SIC scheme, the energy values and the
wavefunctions are calculated at 505k-points in the irreducible (1/48)th of the Brillouin zone.
The momentum density of the band electrons is calculated using 3143 reciprocal lattice vectors
in equation (2). The number of band electrons in the calculated momentum density is more
than 99.9% of the number of band electrons. The momentum density of the core electrons is
also calculated in the FLAPW scheme and the FLAPW–SIC scheme. The SIC has no practical
effect on the core profile because the core states are deeply situated. The resultant core profile
is in very good agreement with that given by Biggset al [25].

3. Results and discussion

From the SIC potentialV SIC` (r) shown in figure 1, the effects of the SIC on the band structure
are predictable.V SIC0 (r) andV SIC1 (r) act as a small repulsive potential for the electrons with
sp character, andV SIC2 (r) acts as an extra attractive potential for the electrons with d character.
These lead to the following consequences. The width of the sp type band is little affected. The
relative position of the d bands with respect to the Fermi energy is lowered by 2 eV, and the
width of the d band is reduced by 15%. As the results the electrons in the d bands are more
localized and the sp–d hybridization near the Fermi energy is much reduced. The geometry
of the Fermi surface is summarized in table 1. The cross-sectional areas of the Fermi surfaces
calculated by the FLAPW–SIC scheme are similar to those obtained by the FLAPW scheme,
except the case of the area of the neck at the L point in which the comparison between the
experiment and the FLAPW–SIC calculation shows a noticeable discrepancy. The reason of
reduction of the neck size in the FLAPW–SIC calculation is explained as follows: the SIC
lowers the d bands with respect to the Fermi energy, as a consequence the sp–d hybridization
in the sixth band is reduced, and this leads to lifting of the L′

2 state towards the Fermi energy
and thus reducing the occupied volume around the L point.

Table 1. The de Haas–van Alphen frequencies of some symmetry orbits in units of frequency
×108 G. LDA and SIC denote the results calculated by the FLAPW scheme without and with the
SIC, respectively. EXP denotes the experimental values [30].

Orbit Direction LDA SIC EXP

Neck 〈111〉 0.296 0.090 0.218
Belly 〈100〉 6.463 6.343 5.998
Belly 〈111〉 6.167 6.300 5.814
Dog’s bone 〈110〉 2.427 2.637 2.514
Rosette 〈100〉 2.427 2.491 2.462

The radial wavefunctions at two representative energies are shown in figure 2. The states
near the bottom of the d bands are more affected by the introduction of the SIC than those
near the top of the d bands. The corresponding radial momentum wavefunctions are shown in
figure 3. It is found that the introduction of the SIC pushes the momentum wavefunction out
toward higher momenta. It is noted that this effect of the SIC is particularly noticeable for the
states near the bottom of the d bands. The effect of the SIC on momentum densityρ(p) of
equation (2) is shown in figure 4 wherep is taken on the three symmetry axes. Introduction
of the SIC reduces the momentum density in the region between 0 and 2.5 au, and increases
it beyond 2.5 au. To avoid misunderstanding, it should be mentioned that whenp is on an
axis of general direction, reduction of the momentum density in small momenta and increase
of it in high momenta is true, but the crossing is not necessarily around 2.5 au. Whenρ(p)

is doubly integrated according to equation (1) to make the Compton profile, the reduction of
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Figure 2. Radial wavefunctionsϕ2(r) of the d electrons at the energies of the bottom and the top
of the d bands. FLAPW (full and broken lines) and FLAPW–SIC (dashed and chain lines) denote
the results calculated by the FLAPW scheme without and with the SIC, respectively. They are
normalized to unity within the inscribed sphere.

Figure 3. Radial momentum wavefunctionsF2(p) which correspond to the radial wavefunctions
shown in figure 2.

momentum density in small momenta and the increase of it in large momenta is retained but
the crossing point seen in figure 4 for only three symmetry axes is not retained. The integrated
results are shown in figure 5 together with the experimental profiles. The overall shapes of
the profiles calculated with the SIC are always lower in small momenta (0–1 au) and higher in
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Figure 4. Theoretical three-dimensional momentum densitiesρ(p) on (a) 〈100〉, (b) 〈110〉 and
(c) 〈111〉 axes calculated by the FLAPW (broken lines) and FLAPW–SIC (full lines) schemes.

the middle momenta (1–4 au) than those calculated without the SIC. Beyond 4 au, although
they are indistinguishable in the figure, the profiles calculated with the SIC are always slightly
higher than those calculated without the SIC. Compared with the experimental profiles, the
theoretical profiles calculated without the SIC are higher in small momenta and lower in large
momenta than the observed profiles. This fact is consistent with the most recent study on Cu
by Sakuraiet al [23]. The trend has been consistently seen in previous studies on other solids
as well. Introduction of the SIC reduces the discrepancy between theory and experiment to a
large extent, but not completely. The effect of introduction of the SIC is also clearly seen in
the anisotropy of the profiles. The anisotropy is reduced in the FLAPW–SIC scheme as shown
in figure 6. This is because the anisotropy caused by the d bands is reduced by the localization
of the electrons in the d bands.

Figure 7 is for examination of the differences between the theoretical profiles and the
observed ones. Referring to the difference between the FLAPW profiles and the experimental
profiles, the origin of the significant discrepancy aroundpz = 0 has been discussed by Lam
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Figure 5. Valence electron Compton profiles along the〈100〉, 〈110〉 and〈111〉 directions. The
theoretical profiles calculated by the FLAPW schemes without (broken lines) and with (full lines)
the SIC are convoluted with the experimental resolution. The experimental profiles (EXP.) are
taken from [23].

and Platzman [26], Bauer [27], and Bauer and Schneider [22, 28]. When the LDA is applied
to the formal expression of momentum density, an exchange–correlation correction has to be
added to the expression of one particle momentum density. This is the so-called Lam–Platzman
correction. Although the Lam–Platzman correction helps to reduce the discrepancy to a certain
extent as shown by Bauer and Schneider [28], the evaluation of the correction is not done
without uncertainties because the electrons in the d bands cannot be treated as a homogeneous
electron gas. For this reason the calculation of the Lam–Platzman correction term is not carried
out in the present work. The difference curve along the [110] direction has local minima at
around 2.0 au and 3.3 au, and local maxima at around 1.2 au and 2.7 au. As pointed out by
Bauer and Schneider [22, 28], the local maxima appear everypz where the integration plane
of equation (1) contains the net of the reciprocal lattice points. This particular feature led
Bauer and Schneider to discuss the effects of electron correlation in terms of non-zero and
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Figure 6. Experimental (dots [23]) and theoretical (broken line, FLAPW; full line, FLAPW–SIC)
crystalline anisotropies of the Compton profiles. (a)〈111—110〉, (b)〈111–100〉 and (c)〈110–100〉.

non-unity occupation number ink-space. If the reason for the appearance of the local maxima
is passing of the integration plane through the net of the reciprocal lattice points, from simple
geometrical consideration, the local maxima should appear around 0.9 au and 1.8 au in the
difference curve along the [100] direction. However, no such local maxima are found in the
present study. It is obvious that the origin of the local extremes in the [110] difference curve is
that the theoretical profile has more salient inflection at around 1.2 au, 2.0 au, 2.7 au and 3.3 au
than the experimental profile. Detailed band-wise analyses shown in figure 8 reveal that these
inflections are the resultants of all the contributions from the occupied states. Referring to the
difference between the FLAPW–SIC profiles and the experimental profiles, the difference at
pz = 0 is drastically reduced, but a new large difference peak appears at around 0.75 au in
every direction. The above mentioned local maxima and minima in the [110] curve nearly
disappear. The origin of the peak at around 0.75 au may be seen in figures 5 and 8. In figure 5
the FLAPW–SIC profile has a stronger inflection at 0.75 au in every direction than the FLAPW
profile. The crossing of the FLAPW–SIC profile and the experimental profile occurs at smaller
pz than that of the FLAPW and the experimental profile. Where the crossing occurs depends
on the overall shape of the profile, therefore the position itself of crossing has little meaning.
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Figure 7. Difference between theory and experiment. The small dots represent the theoretical
profile calculated without the SIC minus the experimental profile [23]. The large dots represent
the theoretical profile calculated with the SIC minus the experimental profile.

The inflection at around 0.75 au is traced back to the effect of the SIC. In figure 8 it is seen
that the salient difference between the FLAPW and the FLAPW–SIC is in the first and sixth
band contributions. The first band contribution of the FLAPW–SIC is smaller than that of the
FLAPW in the range of 0–0.75 au, and larger beyond this region. The FLAPW–SIC profile
has a stronger inflection around 0.75 au than the FLAPW profile. The lowering of the d bands
due to the SIC compresses the first band, and, as a result, produces more higher momentum
components in momentum density. On the other hand, the sixth band contributions in the
FLAPW–SIC is the other way around because of the reduction of the sp–d hybridization. The
strong inflection at around 0.75 au is mostly the resultants of these two contributions. This
is common in the other two directions. The local minima at around 2.0 and 3.3 au in the
[110] difference curve of the FLAPW profile and the experimental one almost disappear when
the SIC is introduced. The reason for this is also explained mostly by the contributions from
the first and sixth bands. In figure 8 for both the FLAPW and the FLAPW–SIC profiles the
first band contribution peaks at around 2.0 and 3.0 au, while the the sixth band contribution
dips at around 2.0 and 3.3 au. The first band contribution of the FLAPW is smaller than that
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Figure 8. Band-wise analyses of the theoretical Compton profiles along the〈110〉 direction
calculated by the FLAPW and FLAPW–SIC schemes.

of the FLAPW–SIC, while the sixth band contribution of the FLAPW is larger than that of
the FLAPW–SIC. Therefore, adding the first and the sixth band contributions leaves stronger
minima in the FLAPW profile at around 2.0 and 3.3 au than those in the FLAPW–SIC.

In order to illustrate this situation more clearly the character-wise analyses of the number of
charges in each band are performed and the results are listed in table 2. Referring to figure 8 and
table 2, we can see that introduction of the SIC reduces the s and p components and increases
the d component of the charge density of the first band. This change in the partial charge
density is reflected in the first band partial profile in the way that it decreases significantly in
low momenta and increases in high momenta. In the second and third bands a decrease of the
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Figure 8. (Continued)

Table 2. The character-wise and band-wise analyses of the charge density. Band 1 means the first
band. Out denotes the charge density in the interstitial region.

Band 1 Band 2 Band 3 Band 4 Band 5 Band 6 Total

s LDA 0.4480 0.0066 0.0216 0.0046 0.0046 0.0480 0.5334
SIC 0.2452 0.0264 0.0274 0.0148 0.0088 0.1790 0.5016

p LDA 0.1712 0.0838 0.0974 0.0376 0.0084 0.0900 0.4884
SIC 0.0516 0.0448 0.0546 0.0314 0.0068 0.1800 0.3692

d LDA 1.0628 1.7892 1.7904 1.9110 1.9698 0.8120 9.3352
SIC 1.5116 1.8248 1.8466 1.9082 1.9666 0.5018 9.5596

Out LDA 0.3180 0.1202 0.0906 0.0468 0.0170 0.0500 0.6426
SIC 0.1916 0.1040 0.0712 0.0456 0.0178 0.1390 0.5692

p components and an increase of the d components are found, which leads to a similar change
in the partial profiles of these bands as that in the first band profile. In the fourth and fifth
bands there is not much change in the partial charge density nor in the partial profiles of these
bands. In the sixth band a significant increase of the s and p components and a large decrease
of the d component are observed, which is reflected in the change of the partial profile in the
way that it increases significantly in low momenta and decreases in high momenta. In short,
upon introduction of the SIC the occupied states in the lower five bands become significantly
d-like while those in the sixth band become more sp-like. As the results, the charge distribution
becomes less anisotropic. As for the anisotropies, the theoretical calculations with the SIC
and without the SIC explain very well the oscillatory behaviour of the observed anisotropies.
However, the scale of the calculated anisotropy by the LDA is larger than that of the observed
anisotropy. Introduction of the SIC reduces the anisotropy of the momentum density because
of the above mentioned effect. However, it does not bring the theory in complete agreement
with the experiment.
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4. Summary and conclusion

The Compton profiles of Cu along the〈100〉, 〈110〉 and〈111〉 directions have been computed in
the FLAPW scheme, and in the FLAPW scheme with the self-interaction correction (FLAPW–
SIC). Introduction of the SIC lowers the position of the d bands with respect to the Fermi energy,
and narrows the width of the d bands, and also increases the number of d-like electrons. As
the results, regarding the Fermi surface geometry, the area of the neck is reduced so much that
it does not agree with the dHvA result. On the other hand, introduction of the SIC extends
the momentum density of the electrons in the d bands further in higher momenta, which leads
to reduction of the discrepancy between theory and experiment in the overall shapes of the
profiles and of the scale of the crystalline anisotropies to a certain extent.

The reduction of the neck radius and the appearance of the new peak aroundpz = 0.75 au
in the difference between theory and experiment (figure 7) due to introduction of the SIC
are thought to be related to the treatment of the SIC in the atomic model. That is, in the
present treatment angular momentum state is treated independently as far as the SIC potential
is concerned; therefore the modification in the` = 2 states due to the SIC potential is not
reflected in determining the states of` = 0 and 1. This leads to that lowering of the d bands,
which reduces the sp–d hybridization, and makes the sixth band contribution more sp electron
like as shown in figure 8(c) and table 2. If one aims at the complete self-consistent treatment
of the SIC, one may have to solve the following coupled equations [4]

[HLDA + V SICs (r)]ϕs(r) =
∑
s ′
Es,s ′ϕs ′(r) (9)

V SICs (r) = 2
∫ |ϕs(r ′)|2
|r − r′| dr′ + V LDAXC (|ϕs(r)|2, 0) (10)

whereHLDA represents the LDA Hamiltonian,ϕs is a general one-electron state andV LDAXC is the
LDA exchange–correlation potential. The Lagrange multipliersEs,s ′ ensure the orthogonality
of ϕs(r) which is violated by the present state dependence of the SIC potential.

The present theoretical studies indicate that when one deals with properties which are
mostly determined by the states near the Fermi energy such as the Fermi surface geometry
the usual LDA scheme works well, but for the properties which involve all the states from
the bottom of the bands to the Fermi energy the usual LDA scheme does not work well. In
both cases the position of the filled d bands is essential. Although the SIC potential employed
in this study is not a uniquely determined one nor rigorously formulated, the present results
suggest that some kind of correction to the LDA potential is need to explain the experimental
results consistently. The origin of the remaining discrepancy in the shape of the Compton
profile between theory and experiment may now be ascribed to the quasi-particle nature of the
electron system, in particular to the non-unity and non-zero occupation ink-space. Evaluation
of the occupation number from the spectral functions as was done by Kubo [12] for Li and Na
with use of the GW approximation [29] is the most meaningful and practical way to go beyond
the LDA.
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[11] Scḧulke W, Stutz G, Wohlert F and Kaprolat A 1996Phys. Rev.B 5414 381
[12] Kubo Y 1997J. Phys. Soc. Japan662236
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